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On the Forms of Unicursal Quintic Curves. 

By Petee Field. 



Introduction. 



The purpose of this paper is to study the forms of plane unicursal quintic 
curves. The basis of classification is the same as that used by Meyer * but the 
method of obtaining the curves is entirely different. Meyer classified the curves 
according to the sequence of the double points and his scheme was similar to that 
employed by Tait f in his first paper on knots. The essential ^difference is that 
nugatory knots may appear. Suppose a curve has the six double points A, B, 
G, D, E, F, and suppose a variable point to describe the curve. Whenever the 
generating point passes through a node, indicate this fact by writing the symbol 
of that node. When a loop is formed near a node A the symbol would be 
.... AA .... for that part. Two curves which have different symbols will be 
regarded as distinct. A more specific classification would be one which considers 
the reality and positions of the inflexions, but this would lead to an almost infinite 
variety of forms. 

In this way Meyer first wrote the 29 possible schemes for nondegenerate 
curves, and gave a figure for each one. He gave no equations and did not extend 
the method to other types of quintic curves. In his second paper he corrected 
some errors made in the first and showed that all the types can be obtained by 
quadric inversion. 

DowlingJ devotes an article in his dissertation to the unicursal quintic 
curves. He derives an equation of a different form from the one that will be 
used in this paper. He does not give any figures. These and the references 
given on p. 219 of Loria's Spezielle Algebraische Kurven are the only papers 
known to me which deal with plane unicursal quintic curves. 

In a few cases, more than one figure will be given having the same sequence 

* (a) Anwendungen der Topologie auf die Gestalten der algebraischen Curven vierter und f iinfter 
Ordnung. Muenchen (Diss.), 1878. 

(b) Proceedings of the Edinburgh Royal Society, 1886. t Edinburgh Transactions, 1876-77. 
% On the forms of plane'quintic curves, Mathematical Review, Vol. 1. 



150 Field : On the Forms of Unicursal Quintic Curves. 

of points but which nevertheless are so different in appearance as to deserve 
separate notice. 

The following table gives Plucker's and Klein's numbers : 

A is the number of real acnodes. 

T the number of real double tangents with imaginary points of contact. 

I the number of real inflexions. 

K the number of real cusps. 
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1. — Quintic curves with six distinct nodes. 

The equation of the fifth degree contains twenty constants so that if the six 
nodal points are fixed but two additional conditions may be imposed in order to 
fix the curve. The general equation of such a curve will now be derived and 
the form of the curves determined by its aid. 

Let 1, 2, 3, 4, 5, 6 be the six double points; let U and TJ X be two nodal 
cubics through these points, U having a node at 1 and TJ X at 2; further let q> 
and <£>! be two conies, the former through 2, 3, 4, 5, 6 and the latter through 
1, 3, 4, 5, 6. Then the equation 

is the equation of any quintic curve having the given points as double points. 
For the curve might be defined by giving another point and the tangent at the 
given point. But each of the curves U and TJ X contains an arbitrary constant, 
hence the given point may be taken as their ninth intersection and the value of 
/I can be taken so as to give the desired slope. 

The above equations might also be considered as representing the intersec- 
tions of corresponding rays of the pencils % U — U x t = and $> — fat = , in 
which t is the parameter. The points 3, 4 and 5, 6 may be conjugate imaginary 
and the cubics and conies are nevertheless real, but in case all six of the double 
points are imaginary the above form of equation is no longer applicable. In 
that case suppose 1 and 2, 3 and 4, 5 and 6 are conjugate imaginary points. Let 
a x be a line through 1 and 2, a 3 through 3 and 4, a s through 5 and 6, also let 

fa + i%a4> x , fa — i\4>i , fa + i^z^n 4>2 — faA>2> $3 + ihika > $3 — *VJto » 

be conies through the points 

1, 3, 4, 5, 6 2, 3, 4, 5, 6 1, 2, 4, 5, 6 1, 2, 3, 5, 6 1, 2, 3, 4, 6 1, 2, 3, 4, 5 

respectively. Then the equation : 

or a, (tf + 4!) + * 2 a 2 (# + 44) + *3«3 ($ + M) = 0, 

21 
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represents any quintic curve having the given imaginary double points. In 

\ 



^ 



(b) 

figure (a) the point 1 and any five of the intersections of 4> and U may be 
taken as the six double points. Suppose the intersection numbered 7 is the one 
which is not a double point. If 2, is taken very small the quintic will be very 
nearly of the form of d and <^> except that it will not pass through the point 7. 
The form of the curve will be that given in figures (b) or (c) depending on the 
sign of "k. This shows that by taking a conic and cubic placed in the various 
possible relative positions and making a break as in the above figures, unicursal 
quintic curves result. This is the idea which has been used in constructing the 
curves given in this paper. By taking the conic through the node of the cubic 
and then proceeding as above, the forms of the curves having a triple point can 
be obtained. It is to be noticed that it is no restriction to always suppose that 
the cubic has but one infinite branch, provided the conic is not restricted. 






Suppose figure (d) represents ty x U 1 and that 8 is the point which is not a 
node. Then, as X grows larger, the curve changes from that given by U <p 
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(with a break at 7) to that given by Ufa (with a break at 8). In the course of 
this change, each double point is successively a crunode, cusp, acnode, cusp, and 
finally, again a crunode when 4>, U are not divided at the nodes. No attempt 
has been made to trace the curves through these changes. Four of the curves 
given by Meyer cannot be obtained by this method unless the conic is taken as a 
pair of lines. This does not mean that the equation $ U — X^) 1 C/ 1 = is lacking 
in generality, but that the four given curves correspond to intermediate values 
of a,. In the case of the triple point there is no difficulty of this kind, for it can 
be shown by the same methods that have been used here that if a straight line is 
drawn through one of the nodes of a trinodal quartic and a break made at one 
of the other intersections, a unicursal quintic curve with a triple point results. 
This gives the two curves which are not directly obtainable from the conic and 
cubic. 

If <2> U and <j^ JJ X are divided at a given double point, as in figure (dj), the 




given point will always be a crunode no matter what value is given to a, ; it may 
be positive or negative, large or small. 

Suppose next the arrangement is that given in (e) and the products <£> U t 




6^o poa. 
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and <£>! TJ X are positive and negative in the compartments indicated. Then in the 
equation % U — X^ £7i = , if "k is negative, one branch of the curve is in (c) and 
the other in (d), while if X is small and positive, the branches of the curve are 
both in (a) , if large and positive, the branches are both in (b) . In order that 
the curve shall change from one compartment to the other, the curve first has a 
cusp in compartment (a) (/I is now supposed a small positive quantity which is 
gradually growing larger), then there is a cusp in (b) and finally a crunode with 
the branches of the curve in compartment (b). 

It might at first thought appear that it was possible for the curve to degen- 
erate and have a tacnode instead of a cusp at the given point. Since the double 
points are fixed, there are only four possible ways of obtaining such a degenerate 
curve. To be definite, suppose the point considered is at 3, then the degenerate 
curve must be composed of a conic through the point 3, and any four of the 
remaining double points, together with a cubic which touches the conic at 3, has 
a node at the double point which does not lie on the conic, and passes through 
the four remaining double points. Z7 and TJ X each contain an arbitrary con- 
stant ; clearly the quintic would not degenerate into the same conic and cubic 
independent of how these constants are chosen. 

In case the part of the curve is like that given in figure (f), changing % 




(f) 

so as to have a cusp at 4 implies that 1, 2 and 3 have been successively crunodes, 
cusps, acnodes and possibly the curve has come back in the other compartment, 
so that one or more of them have been changed back first to cusps and then to 
crunodes. 

It is now proposed to find an expression for the limiting value of "k . For a 
very small positive value of % the two branches of the curve will be close to 
<p U Q , but as X increases, the two branches approach each other until the crunode 
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is replaced by a cusp. Let p be sucb a point on the curve very close to the 
node, and let its coordinates be x + &c> y-\-$y. 




Then $ U = MhU\, 



a,= 



But 






3y 

^> = r sin a , jPo = r sin a', 

j?! = r sin (a + /?) , i?i = r sin (a' + y) . 
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The required value is 



a, = 



sin a sin a 



sin (a + /3) sin (a' + <y) 



[(£)'+ (f)] 


* 


[(f )'+ (f )T 


m+w 
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LG£)+G£)7 



where 



sm a sin a' 



must be taken so as to be a maximum. 



sin (a + j3) sin (a'+ y) 

To obtain the form of the curves having two or more consecutive nodes it is 
only necessary to take the conic and cubic with the desired number of consecutive 
intersections. 

Let the origin be taken at a double point and let y = be a common tangent 
to the two branches. The curve will then have at least two consecutive double 
points at the origin. The following table gives the expansion of the branches 
and the corresponding singularity. These expansions are given in Salmon's 
Higher Plane Curves, p. 216, including the oscnode and tacnode cusp. 



Nature of the singularity. 
3 = 4 

5 = 3, x= 1 

5 = 5 

3 = 4, * = l 

a = e 

5 = 5, x = 1 



Expansion. 

y 1 = a$c % + a 3 x 3 + a 4 x 4 , 
y % = a x 2 + <*"a$ + ai x \ 

( y x = a x 2 + <*"£$ + a $? + ^i 

I «„ = «nx 2 



3fc : 



a x 2 + a 2 x 3 + a 4 x 4 + a^seS, 
■ x 2 + a 2 x 3 + a 4 x 4 + a & x 5 , 
; x 2 + a 2 x 3 + a 4 x 4 + a^ 5 - 



| ^ = a * 2 + «2» s + «4** + g^ 5 . 

1 y, = Otf 

f 7/j = a x 2 + a<fc 3 + %» 4 + t^* 5 + « 7 xV-, 

(2/ a =: a x 2 + agjc 3 + a 4 x 4 + a 6 x 5 -f- a^x", 

{»= 

t ?/ 2 = 



= a x 2 + a 2 x 3 + a 4 x 4 + a 6 x 5 + a 8 x 6 , 
y 2 = a x 2 + a a x 3 + a^ + a 6 x 5 + a' B x*, 



«/j = a x 2 + a z x 3 + a 4 x 4 + a 6 x 5 + a 8 x 6 + a 9 x J # , 
y % = a x 8 -f- a 2 x 3 + a 4 x 4 + a e x 5 + a 8 x 6 + a 9 'xV- . 

The curves having two or four imaginary nodes are obtained in exactly the 
same way as those having only real nodes, the only difference being that the 
conic is now taken so that in the first case two and in the second case four of its 
intersections with the cubic are imaginary. 

As far as the sequence of double points is concerned, there is only one curve 
having six imaginary nodes. If in the equation 

«i to? + W + * a <* 2 tof + 44) + *3«3 to! + 41) = , 
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x 2 and x 3 be taken very small, the form of the corresponding curve is very nearly 
the same as that of the straight line a x . 

2. — Curves with a triple point. 

It will first be shown that the equation of any quintic curve with a triple 
point may be obtained from the special pencils 

atf — %a. x =0, fat + $ = 0, (1) 

or from af + haj — 0^ = 0, tfa + $ = 0, (2) 

where t is a variable parameter, 31 a constant, a and a x lines, <?> and fa conies. 
On eliminating t from the first pair equations 

a$ a —- 3la 1 $=0. (3) 

Similarly the equations (2) give 

a ($ s — fa 2 ) — harffa =0. (4) 

If in equations (3) a, /k^, fa, fa, be replaced by a + ih^, a — ihai, <?> + ifa> 
<?> — *<?>i> respectively, the resulting equation reduces to 

a(<p* — fa 2 ) — A^a^fa — O, (5) 

which shows that (4) may be deduced from (3) or (3) from (4) by making the 
proper substitution. 

It will now be shown that the equation aq> % — ha^fa* = is the most general 
equation of a unicursal quintic curve having a triple point. 

Let <£> and fa be two conies through the points 1, 2, 3, 4 and a , a x lines 




through the point 1, 31 a constant. Then the curve, whose equation is 
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a<p 2 — /la^f = , has a triple point at the point 1 and double points at 2, 3, 4. 
Moreover, each of the functions a, a 1( 4>, pi contains an undetermined constant 
which, together with Jl, makes the number in the above equation 5, exactly that 
contained in the general equation of a unicursal quintic having a triple point. 

Suppose in the above figure that there is an ordinary point of the curve in 
compartment a. Then the whole curve must lie in a (and a'), with the exception 
of possible acnodes. For, in order that a point shall be on the curve, a<£> 2 must 
be equal to ^a^j at the given point, but in crossing a or a x one of these terms 
changes sign and not the other, hence the only point at which it is possible for 
the curve to cross the lines a, a a is at their intersection. For the sake of defi- 
niteness, let 2, be positive and let the positive sides of a and c^ be taken as in 
the figure. Then if 2, 3 and 4 be taken in compartment a (or a'), they will be 
crunodes on the given quintic. By taking any or all of them in the compart- 
ment b (or b) or by simply changing the sign of X, they become acnodes. 

Take a through the point 2. Then, from the equation 

cc<£> 3 — /laj^i = , 

it is clear that since a and $ are both zero at 2, while a x is finite, points on the 
curve in the neighborhood of 2 must lie very close to ^j. Moreover, since the 
curve has a double point at 2 and does not cross a , there must be a cusp 
at the given point with the tangent to <p t as the cuspidal tangent. By taking 
% through one of the two remaining double points, it is possible to obtain 
another cusp. 

If the conies intersect in only two real points, then the case arises in which 
the curve has two imaginary double points. These double points may become 
imaginary cusps, which would be the case in equation (4) if the conies $ and $ x 
are circles. 

By taking conies having two consecutive intersections, a tacnode results, 
and if a is taken through the given point, the cusp is of the second kind. The 
conies might also be taken, having three or even all four of their intersections 
consecutive. 

The curves represented by the equation a<£ 2 — barfl = were drawn by 
fixing : 

1st. The four points of intersection of q> and ^. 

2d. The lines a and a x . 

3d. The three tangents at the triple point. 
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This makes a sufficient number of conditions to completely define the curve. 

In drawing the curves, nothing more than the relative positions of these 
elements was considered, so that in a few cases the same initial conditions give 
rise to more than one curve. In such cases there would be some point at which 
the curve could move in different ways without violating the initial conditions. 

The three double points were generally taken on the same side of the triple 
point. Of course, it is always possible to project the given curve into a curve in 
which this is the case, but it may not be possible to do so without altering 
the number of infinite branches. For instance, figs. 85, 112, 115, have the same 
relative positions of nodes, tangents at the triple point and tangents to the curve 
from the triple point. But if 85 is projected into a curve where the double 
points are situated as in 112, it will have at least three infinite branches: 115 
may have its double points either way and still have only one infinite branch. 

In some cases as for instance in figure 84 the curve may be tangent to a on 
either side of the triple point. This simply amounts to pushing the inflexion 
along the curve through the triple point, and although such curves are projec- 
tively distinct there is not enough difference to require two figures. 

In drawing the curves represented by equation (4), the lines a and a x were 
not drawn but the tangents at the triple point were fixed as before and in addition 
the part of the curve going to infinity was taken in the various possible ways 
(joining two nodes, node to triple point, triple point to triple point). Use was 
also made of the fact that these curves can have no real tangents from the triple 
point, except those at the triple point. 

The figures are only intended to give the general form of the curves. In 
some cases they do not show the total number of inflexions. It is then supposed 
that the curve has isolated double tangents. 

The existence of these various types is also made plausible from Art. 1 by 
allowing three distinct double points to approach coincidence in various ways. 
The equations can also be determined exactly as in the preceding case, but it 
was frequently easier to follow the curve by present method. 

3. — Curves with a fourfold point. 

The case where the double points are all coincident would give but a single 
type according to Meyer's classification, but for these curves a different plan will 
be adopted, namely, the configuration of the fourfold point and the compartments 
22 
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formed by loops or the infinite branches will form the basis of classification. 
Here the reality of the inflexions will be considered. 

The curve may be considered as generated by the intersection of corre- 
sponding rays of the pencils 

a < 4 + a t f + a4 % + a s t + a 4 = 
and Z> £ + &! = (), 

in which a 4 = and bi = are the equations of straight lines and t is a parameter. 
The vertex of the linear pencil is a fourfold point on the quintic: it will be taken 
as the origin so that the equation of the curve may be written u 5 + w 4 = 0. The 
factors of w B determine the directions of the infinite branches and the factors of 
m 4 determine the tangents at the origin. These tangents divide the plane into 
compartments such that the curve in passing from one compartment to another 
must either pass through the origin or through infinity. The nature of the four- 
fold point will depend on the form of m 4 . 

The following table gives Plucker's numbers and also J+ 2Tfor the various 
forms of the fourfold point. 
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In case the factors of U^ are real and distinct, there are the four types of 
curves represented in the first four figures. That the three inflexions may all 
be in one compartment formed by two tangents at the multiple point may be 
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seen by considering a curve having five infinite branches in the given compart- 
ment as in the accompanying figure. 





When the asymptotes are drawn, it is clear that there must be an inflexion 
somewhere along the curve either at a or a', one at h or V, and one at c or e'. 

By taking a vanishing line close to the common tangent of E and F, this 
figure projects into figure 135. By taking four infinite branches in a given com- 



partment, it is seen that the resulting curve has a loop which cuts the vanishing 
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line in four points. The curve, therefore, has a loop with a bay. Figure 136 
differs from figure (g) only in the position of the vanishing line. 

The equations have not been written out for each case as they follow 
directly ; for instance, the equation of figure 137 is 

abc (d? +/ 2 ) — Aa/SyS = 0, 

d and / are lines and A is a parameter ; a,b, c are lines through the origin par- 
allel to the asymptotes, a, (5, y, 8 are the four tangents to the curve at the four- 
fold point. The equation corresponding to a curve like figure 136 would not 
follow quite so directly, as it would be necessary to take the equation corre- 
sponding to figure (g), and perform on it the transformation corresponding to 
the projection of figure (g) into figure 136. No figures are drawn where the 
curve has five asymptotes, as such a curve can always be projected into one of 
the given figures. 

In figures 143 to 148 the fourfold point counts as two cusps and four 
crunodes. In the first three figures the form of the curve indicates this, while 
in the last three the origin has the appearance of an ordinary double point. The 
presence of evanescent loops being shown by deformation. 

Figure 155 differs from the others in that it contains a double bay. The 
possibility of this is readily seen from 141 (provided one of the loops in 141 had 
a bay) which was obtained from figure 136 by making two of the factors of u t 
equal. If now u 4 be changed still further so that these two factors become conju- 
gate imaginaries, the cusp is replaced by an acnode and the curve takes the form 
of figure 155.* 

When the curve has an isolated fourfold point, it is not possible to have 
fewer than three inflexions, as was shown by Mobius: "No odd branch containing 
no real point singularities can have fewer than three real inflexions." 

It may be mentioned that there exists for every order n a curve correspond- 
ing to figure 137, i. e., having an n — 1 fold point and n — 2 infinite branches. 
For, take a curve having an n — 1 fold point and whose equation can therefore 
be written u n -f- u n _ x = . Take the factors of u n _ x real and distinct. The lines 
will divide the plane in n — 1 compartments. If the lines represented by u n are 

* There should be given two figures whose form is the same as 141 excepting as regards inflexions, 
the one having a bay on one loop and the other having 3 real inflexions but none on the loop. 
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taken so that one lies in each but one of the compartments, the resulting curve 
cannot be projected into one with fewer than n — 2 infinite branches, as the given 
curve has n — 2 branches that extend across the plane. The two remaining 
factors of u n may be taken conjugate imaginary. 

Cornell University, June, 1902. 



